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We present a model for the determination of the thermal equilibrium concentrations of Bjerrum
defects, molecular point defects, and their aggregates in ice Ih. First, using a procedure which
minimizes the free energy of an ice crystal with respect to the numbers of defect species, we derive
a set of equations for the equilibrium concentrations of free Bjerrum and point defects, as well their
complexes. Using density-functional-theory calculations, we then evaluate the binding energies of
Bjerrum-defect/vacancy and Bjerrum-defect/interstitial complexes. In contrast to the complexes
which involve the molecular vacancy, the results suggest that the molecular interstitial binds
preferentially to the D-type Bjerrum defect. Using both theoretical binding and formation free
energies as well as the available experimental data, we find that the preferential binding and the
substantial presence of the interstitial as the predominant point defect in ice Ih may lead to
conditions in which the number of free D defects becomes considerably smaller than that of free L
defects. Such a scenario could possibly be involved in the experimentally observed inactivity of
D-type Bjerrum defects in the electrical properties of ice Ih. © 2008 American Institute of Physics.
DOI: 10.1063/1.2902280
I. INTRODUCTION
The relationship between the macroscopic characteristics
of the most common form of crystalline water, the proton-
disordered hexagonal ice Ih,1–3 and the properties of its crys-
tal defects remain an issue that still eludes a satisfactory
understanding. While several decades of experimental and
theoretical investigation have unmistakably established that
crystal defects control the macroscopic behavior of ice Ih, a
consistent picture of their precise role has yet to be
completed.
The structural character of the relevant intrinsic defect
species is closely related to the crystallographic features of
ice Ih. Its crystal structure is characterized by a wurtzite hex-
agonal lattice on which each water molecule is surrounded
by four nearest-neighbors located at the corners of a regular
tetrahedron,1–3 bonded by hydrogen bonds. Furthermore, an
essential aspect of the ice Ih structure is the lack of long-
ranged order in the orientation of the water molecules on
their lattice sites. These structural features can be described
in terms of the two Bernal–Fowler ice rules:1–4 i each mol-
ecule accepts/donates two protons from/to two nearest-
neighbor molecules and ii there is precisely one proton be-
tween each nearest-neighbor pair of oxygen atoms. A
representative picture of the defect-free ice Ih structure is
depicted in Fig. 1, showing a view along a direction close to
that of the hexagonal c axis.
The class of protonic defects, which represent violations
of the Bernal–Fowler ice rules, are closely related to the
electrical properties of ice, controlling both electrical con-
duction as well as polarization.1–3 The fundamental structural
features of these defects are schematically given in Fig. 2,
which shows a two-dimensional square representation of the
ice Ih structure to facilitate visualization.
3 Panel a shows
the two-dimensional representation of defect-free ice Ih, in
which each molecule is hydrogen-bonded to four nearest
neighbors, donating and receiving two protons to four hydro-
gen bonds, respectively. The ionic H3O+ /OH− defect pair,
which is shown in purple in panel b, is created by violating
the first ice rule, transferring a proton along a sequence of
hydrogen bonds, and creating two faulted molecules. The
second type of protonic defect pair, referred to as the Bjer-
rum D /L defect pair, originates from a violation of the sec-
ond ice rule and is formed by a series of rotations about the
molecular O–H axes. The resulting defect pair is character-
ized by two faulted hydrogen bonds; one featuring the pres-
ence of two protons, referred to as the D defect and depicted
schematically as that between the two red molecules in Fig.
2b, and the other one without any protons, which is called
an L defect and is schematically represented as the bond
between the two blue molecules in Fig. 2b.
In addition to both protonic species, the relevant defect
types also include molecular imperfections such as the va-
cancy and interstitial,3,5–7 which are known to play a central
role in molecular diffusion. The molecular vacancy is char-
acterized by the lack of a water molecule on a regular lattice
site, as indicated by the dashed circle in Fig. 2b. In con-
trast, the molecular interstitial involves the presence of an
extra water molecule, occupying a position different from a
regular lattice site. In addition to the two postulated cage-aElectronic mail: dekoning@ifi.unicamp.br.
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center Tu trigonal uncapped and Tc trigonal capped
positions,3 in which the interstitial molecule does not bond to
the surrounding hydrogen-bond network, recent first-
principles calculations suggest that the favored configuration
for the molecular interstitial in ice Ih involves a bond-center
B geometry in which the interstitial molecule forms hydro-
gen bond to two water molecules, leaving only one dangling
hydrogen bond,7 as illustrated by the green molecule in Fig.
2b.
Over the years, experimental data have provided a num-
ber of fundamental elements of insight regarding the role of
these defect species in the macroscopic properties of ice Ih.
First, the interstitial appears to be the molecular point-defect
species that controls molecular diffusion, being present in
higher concentrations than the molecular vacancy, at least at
temperatures near the melting point.3,6 Second, it is well es-
tablished that the intrinsic concentration of ionic defects is
extremely low so that the electrical properties of pure ice are
effectively controlled by Bjerrum defects only. Finally, al-
though in intrinsic ice D and L Bjerrum defects must always
be present in equal concentrations,3 only the L defects are
found to be mobile and contribute to the electrical
properties.3
The origin of the latter experimental observation remains
unclear. Assuming the absence of any intrinsic mobility is-
sues, it has been postulated that the immobility of D defects
is due to their trapping at other lattice defect sites.3,8,9 In this
context, the molecular vacancy was first suggested as a can-
didate for the trapping center.10,11 The corresponding defect
aggregate DV is represented in Fig. 2c, which shows the
defect complexes resulting from the combination of a Bjer-
rum defect and a molecular vacancy. Similarly, the associa-
tion of an L-type Bjerrum defect and a vacancy leads to the
LV structure. The DV structure, also referred to as the posi-
tively vested vacancy DV, features a cavity having three
protons pointing inward. The conceptual similarity between
the DV structure and the Kevan structure of the solvated
electron in liquid water11 and the fact that the optical absorp-
tion spectra of the excess electron in liquid water and ice are
very similar12–15 then led to the suggestion of a significant
concentration of DV defect complexes, possibly explaining
the observed inactivity of D defects. However, a recent
density-functional-theory DFT study16 of the defect com-
plexes formed by the association of both Bjerrum defects and
the molecular vacancy found that the energetics involved in
the trapping of D and L defects is very similar. While the
vacancy was indeed found to represent a strong trapping cen-
ter for Bjerrum defects, the results suggested that both D and
L defects would be equally strongly trapped, presumably pre-
cluding the molecular vacancy as the responsible trapping
center for the observed asymmetry in the role of D and L
defects.
Another possibility that of the trapping of Bjerrum de-
fects at a molecular interstitial site has not yet been consid-
ered. Although it was proposed by Haas8 over 40 years ago,
specifically to explain the similarity of the mechanical and
dielectric relaxation time constants, these defect complexes
have largely been overlooked, perhaps in light of the long-
standing belief that the preferred molecular interstitial site
involve cage-center positions at which an interstitial mol-
ecule cannot bond to the surrounding hydrogen-bond net-
work. In view of the recent suggestion7 that a bonded con-
figuration may indeed be the preferred molecular interstitial
site in ice Ih, however, an investigation of such defect aggre-
gates, schematically depicted in Fig. 2d, has now become
of interest.
The purpose of the present paper is to conduct such an
investigation and to analyze the results in terms of the cor-
responding equilibrium concentrations of free D and L de-
fects as well as the concentrations of D and L defects that are
bound in defect aggregates. In this context, it is desirable to
use a framework in which the concentrations of all relevant
defects and their aggregates are simultaneously treated,17 in-
FIG. 1. Color online Typical molecular arrangement of the ice Ih wurtzite
structure. Shown view is along the direction vicinal to the hexagonal c axis.
FIG. 2. Color online Schematic two-dimensional square ice representation
of Bjerrum defects, molecular point defects, and their complexes. Panel a
shows defect-free ice Ih. Panel b depicts ionic H3O+ /OH− defect pair, the
Bjerrum D /L defect pair, the molecular vacancy V dashed circle, and the
molecular interstitial B. Panel c shows schematic representations of defect
complexes involving the two Bjerrum defects and the molecular vacancy.
The aggregate involving a D defect and a vacancy DV results in a cavity
featuring three inward point protons. The complex formed by the vacancy
and an L defect LV produces a vacant site with only 1 inward pointing
proton. Panel d depicts defect complexes involving combinations of a D
defect and a molecular interstitial DB and of an L defect and a molecular
interstitial LB.
164502-2 M. de Koning and A. Antonelli J. Chem. Phys. 128, 164502 2008
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
143.106.108.169 On: Thu, 18 Jun 2015 17:47:58
cluding the defect complexes formed by the combination of
Bjerrum defects and a molecular vacancy previously
considered.16 To this end, we first develop a model for the
equilibrium defect concentrations by minimizing the free en-
ergy of an ice crystal with respect to the numbers of present
defects. Next, we utilize the same first-principles approach
applied in previous studies of defects in ice7,16,18 to study the
molecular interstitial as a trapping center for Bjerrum defects
in ice Ih, considering the two complexes formed by, respec-
tively, the association of a D defect and the bond-center in-
terstitial DB, and the combination of an L-type Bjerrum
defect and a bond-center interstitial LB. Finally, combining
the resulting DFT formation free energy results for the Bjer-
rum defect/interstitial aggregate with those previously ob-
tained for the other defect species,7,16,18 as well as including
the available experimental data, we determine the equilib-
rium concentrations of the various defect species and their
aggregates as a function of temperature.
The remainder of this paper has been organized as fol-
lows. In Sec. II, we derive the equations for the equilibrium
concentrations of the various defect species and their aggre-
gates. In Sec. III, we describe and discuss the DFT calcula-
tions of the Bjerrum defect/molecular interstitial defect asso-
ciations as well as the resulting defect equilibrium
concentrations. We end with a summary and conclusions in
Sec. IV.
II. MODEL FOR DEFECT EQUILIBRIUM
CONCENTRATIONS
To determine the equations describing the equilibrium
concentrations of the various defect species and their com-
plexes, we consider an ice Ih crystal containing N water mol-
ecules, where N is taken to be macroscopically large. The
total free energy of the crystal is a function of the respective
numbers of the relevant defect species. In the present case,
we consider a set of eight different defect species, namely,
1 free i.e., unbound D defects, 2 free L defects, 3 free
vacancies, 4 free interstitials, 5 D defects bound to a mo-
lecular vacancy, 6 L defects bound to a molecular vacancy,
7 D defects bound to a molecular interstitial, and 8 L
defects bound to a molecular interstitial. The numbers of
these defect species are described, respectively, by nD, nL,
nV, nB, nDV, nLV, nDB, and nLB. The total free energy of the
crystal containing these numbers of defects is given by
F = F0 + Ff − TSc, 1
where F0 is the free energy of a perfect crystal containing N
molecules, Ff is the free-energy cost associated with the
creation of a given set of defect numbers, T is the absolute
temperature and Sc is the configurational entropy associated
with the different number of ways to distribute those defects
over the N lattice sites.
The formation free energy Ff of a given set of defect
numbers nD, nL, nV, nB, nDV, nLV, nDB, and nLB can be written
as
Ff =
1
2 nD + nDV + nDBFf
DL + 12 nL + nLV + nLBFf
DL
+ nDVFb
DV + nDBFb
DB + nLVFb
LV + nLBFb
LB
+ nV + nDV + nLVFf
V + nB + nDB + nLBFf
B
.
2
Here, Ff
DL
, Ff
V
, and Ff
B are the formation free energies of
a pair of free D and L defects, a vacancy, and an interstitial,
respectively. The quantities Fb
DV
, Fb
DB
, Fb
LV
, and Fb
LB
,
on the other hand, are the binding free energies, describing
the free energy difference between a situation in which two
defect species have formed a complex and one in which they
are separated. For instance, the binding free energy of the
defect complex formed by the aggregation of an L-type Bjer-
rum defect and a vacancy is defined as
Fb
LV  Ff
LV
− Ff
V
− Ff
DL
. 3
Here, Ff
LV is the formation free energy of a crystal contain-
ing a single LV defect complex and an isolated D defect,
Ff
V is the formation free energy of a crystal containing a
single vacancy, and Ff
DL is the formation free energy of a
crystal containing a single, isolated Bjerrum defect pair. A
negative value for the binding free energy implies that the
formation of the defect complex out of the isolated defect
species is energetically beneficial. The binding free energies
of the D-defect/vacancy Fb
DV, D-defect/interstitial
Fb
DB, and L-defect/interstitial Fb
LB defect aggregates
are defined in a similar manner.
The configurational entropy Sc is determined the number
of different crystal configurations  in which the given de-
fect numbers can be distributed within a crystal composed of
N molecules, taking into account the different possible con-
figurations associated with the proton-disordered character of
ice Ih. In the dilute limit, in which the number of defects is
much smaller than the number of molecules in the crystal,
the resulting configurational entropy is given by see
Appendix
Sc
kB
= 2N − nL − nD − nDB − nLBln 2 + 14N ln 2N + N ln N + N ln38 + nDB + nLB + nDBln z − nL ln nL − nD ln nD
− nDV ln nDV − nLV ln nLV − nDB ln nDB − nLB ln nLB − nV ln nV − nB ln nB − 2N − nLln2N − nL − 2N − nD
ln2N − nD − 2N − nDVln2N − nDV − 2N − nLVln2N − nLV − 2N − nDB
ln2N − nDB − 2N − nLBln2N − nLB − N − nVlnN − nV − 2N − nBln2N − nB , 4
164502-3 Concentrations of defects in ice Ih J. Chem. Phys. 128, 164502 2008
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
143.106.108.169 On: Thu, 18 Jun 2015 17:47:58
where z represents the multiplicity of the bond-center
interstitial3,7 in ice Ih.
Using Eqs. 2 and 4 in Eq. 1 the thermal equilibrium
defect concentrations are found by minimizing the crystal
free energy with respect to the defect numbers. However,
given that the total number of intrinsic D and L defects in the
system must always be equal,3 the minimization must be
subjected to the holonomic constraint f
f  nD + nDV + nDB − nL − nLV − nLB − K = 0, 5
which expresses the difference between the numbers of D
and L defects in the system. The constant K is equal to zero
in case of pure ice, whereas it can be nonzero if an extrinsic
concentration of D /L defects has been introduced through
doping.3
The constrained minimization requires the solution of
the set of equations
F
nD
− 
f
nD
= 0,
F
nL
− 
f
nL
= 0,
F
nDV
− 
f
nDV
= 0,
F
nLV
− 
f
nLV
= 0,
F
nDB
− 
f
nDB
= 0,
F
nLB
− 
f
nLB
= 0,
F
nV
= 0,
F
nB
= 0,
f = 0, 6
where  is the Lagrange multiplier associated with the con-
straint. This set of equations reduces to
E1 + kBT ln 2nD2N − nD −  = 0,
E1 + kBT ln 2nL2N − nL +  = 0,
E2 + kBT ln nDV2N − nDV −  = 0,
E3 + kBT ln nLV2N − nLV +  = 0,
E4 + kBT ln 2nDB
z2N − nDB
 −  = 0,
E5 + kBT ln 2nLB
z2N − nLB
 +  = 0,
FV + kBT ln nVN − nV = 0,
FB + kBT ln nB
z2N − nB
 = 0,
nD + nDV + nDB − nL − nLV − nLB − K = 0, 7
with
E1 
Ff
DL
2
,
E2 
Ff
DL
2
+ Fb
DV + Ff
V
,
E3 
Ff
DL
2
+ Fb
LV + Ff
V
,
E4 
Ff
DL
2
+ Fb
DB + Ff
B
,
E5 
Ff
DL
2
+ Fb
LB + Ff
B
.
The equations for the isolated vacancies and interstitials are
independent of each other and can be solved immediately,
giving
nV = N exp− FfVkBT  8
and
nB = 2Nz exp− FfBkBT  , 9
where, as usual, we have assumed that nVN and nBN.
The remaining equations represent a system of seven
coupled equations with seven unknowns. Assuming nD, nL,
nDV, nLV, nDB, and nLBN and defining the concentrations of
the different defect species as cDnD /N, cLnL /N, cDV
nDV /N, cLVnLV /N, cDBnDB /N, and cLBnLB /N, we
obtain
E1 + kBT ln cD −  = 0,
E1 + kBT ln cL +  = 0,
E2 + kBT lncDV/2 −  = 0,
E3 + kBT lncLV/2 +  = 0,
E4 + kBT lncDB/z −  = 0,
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E5 + kBT lncLB/z +  = 0,
cD + cDV + cDB − cL − cLV − cLB −
K
N
= 0.
Eliminating the Lagrange multiplier and expressing all defect
concentrations in terms of the concentration of free D defects
cD, we obtain
cL = exp− 2E1kBT 1cD  k1cD ,
cDV = 2 exp− E2 − E1kBT cD  k2cD,
cLV = 2 exp− E3 + E1kBT  1cD  k3cD ,
cDB = z exp− E4 − E1kBT cD  k4cD,
cLB = z exp− E5 + E1kBT  1cD  k5cD ,
cD1 + k2 + k4 −
1
cD
k1 + k3 + k5 =
K
N
. 10
The final equation of Eq. 10 gives the solution for the con-
centration of free D defects,
cD =
K/N
21 + k2 + k4
+ K/N21 + k2 + k4
2
+  k1 + k3 + k51 + k2 + k4  , 11
which then determines all other defect concentrations.
III. RESULTS AND DISCUSSION
A. Density-functional-theory calculations
In a recent series of studies,7,16,18–20 we addressed the
formation energetics of, respectively, the Bjerrum defect
pair18,19 and the vacancy and interstitial,7,20 as well as the
binding energies of the Bjerrum defect/vacancy complexes.16
All these calculations were carried out within the framework
of density-functional theory as implemented in the VASP
package,21,22 using the Perdew–Wang 1991 generalized-
gradient approximation,23 the projector-augmented-wave24
approach, -point Brillouin-zone sampling, a plane wave
cutoff of Ecut=700 eV, and the 96 molecule periodic super-
cell labeled 322 in Ref. 25.
In order to complete the picture and to compute the ther-
mal equilibrium defect concentrations according to the
model described in the previous section, we precisely em-
ploy the same DFT approach to study the defect complexes
involving Bjerrum defects and the bond-center interstitial. As
before,7 to consider possible effects related to thermal expan-
sion, we carry out the calculations for three sets of lattice
parameters, chosen to correspond to their zero-pressure ex-
perimental values3 at 10, 205 and 265 K, respectively. Fur-
thermore, to sample the influence of the proton disorder,
which causes random local environments for each defect, we
study a number of different realizations of the defect com-
plexes, positioning them at a number of different positions in
the defect-free cell.
In addition, given that the previous calculations for the
Bjerrum defect pair formation energetics18 as well as the
binding energies of the Bjerrum defect/vacancy aggregates16
were carried out at the theoretical DFT lattice constants,
these quantities were recomputed for the three sets of experi-
mental lattice parameters. Furthermore, based on the previ-
ous molecular vibration data for the Bjerrum defect pair26 we
computed the formation free energy Ff
DL within the
quantum-mechanical local harmonic approximation.7,27
Figure 3 depicts the typical molecular structures of Bjer-
rum defect/interstitial defect aggregates. Panel a shows the
complex formed by the bond-center interstitial and a D de-
fect. The interstitial molecule is hydrogen-bonded by the two
protons donated by the D defect. Similarly, panel b shows
the molecular structure of the L defect/interstitial complex, in
which the interstitial molecule donates its two protons to
form hydrogen bonds with the two molecules hosting the L
defect. It is interesting to note that the DFT configurations
are very similar to the schematic structures originally pro-
posed by Haas.8
The binding energies, Eb
DB and Eb
LB
, associated with
both complexes are computed according to
Eb
DB
= Ef
DB
− Ef
DL
− Ef
B
,
Eb
LB
= Ef
LB
− Ef
DL
− Ef
B
, 12
where Ef
DB and Ef
LB are the formation energies of cells con-
taining, respectively, a DB complex and an isolated L defect,
and an LB complex and an isolated D defect. Ef
DL and Ef
B are
the formation energies of a Bjerrum defect pair and a bond-
center interstitial, respectively. In the cells containing the iso-
lated defects, both Bjerrum defects as well as the interstitial
are created such that they are located at the same lattice
FIG. 3. Color online Typical molecular structures of Bjerrum defect/bond-
center-interstitial aggregates. Panel a shows the complex formed by the
bond-center interstitial and a D defect. The interstitial molecule is hydrogen-
bonded by the two protons donated by the D defect. Similarly, panel b
shows the molecular structure of the L defect/interstitial complex. The in-
terstitial molecule is hydrogen-bonded by the two protons it donates to the
two molecules hosting the L defect.
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position as they occupy the cells containing the respective
defect complexes.
Table I shows the results for the binding energies of the
four defect complexes involving Bjerrum defects and the
molecular point defects as a function of temperature. Here,
the temperature dependence entails only the influence of
thermal expansion and explicit temperature effects are not
included. The reported values and corresponding error bars
are determined as the average value and standard deviation
of the mean as obtained from a set of distinct realizations of
each defect complex. For the Bjerrum defect/vacancy com-
plexes, three different realizations were used. For the com-
plexes involving the molecular interstitial, four and five re-
alizations were created for the aggregates including the L and
D Bjerrum defects, respectively. First, the results suggest that
the vacancy is a stronger trapping center for the Bjerrum
defects than the molecular interstitial, with all binding ener-
gies of the complexes involving the vacancy being larger
than those with the interstitial. Also, consistent with the pre-
vious findings,16 both D and L Bjerrum traps are essentially
strongly trapped by the vacancy, with both binding energies
being practically equal, within the considered error bars. The
situation is different for the defect complexes based on the
interstitial, however. The data in Table I suggest that the
interstitial represents a stronger trapping center for the D
defect than it is for the L defect, with the binding energy of
the former being larger than that of the latter beyond the
error bars. Finally, the implicit effect of temperature through
thermal expansion on the binding energy is small for all de-
fect complexes, with variations of the order of only a few
hundredths of an eV across the considered temperature inter-
val.
Figure 4 shows a summary of the data for the formation
free energies within the quantum-mechanical local harmonic
approximation of the Bjerrum defect pair, the vacancy, and
the bond-center interstitial as obtained from previous
calculations.7,18,19 Specifically, the vacancy and interstitial
results were reported in Ref. 7. The formation free energy
data for the Bjerrum defect pair were obtained using the
same approach,7 using the formation energetics results from
Refs. 18 and 19, and the associated analysis of vibrational
frequencies.26
B. Defect equilibrium concentrations
1. Results based on DFT data
Using the results described in the previous section and
the set of equations derived in Sec. II, we now determine the
thermal equilibrium concentrations of Bjerrum defects, mo-
lecular point defects, and their complexes. We note that be-
cause of the elevated computational cost associated with the
determination of molecular vibrational frequencies, we ap-
proximate the binding free energies by the binding energies
reported in Table I. Furthermore, following the previous
analysis of the molecular interstitial,7 we set the site multi-
plicity factor z=4. The corresponding results are shown in
Fig. 5, which depicts an Arrhenius plot of the concentration
of free Bjerrum defects, cD and cL, that of the molecular
point defects, cV and cB, and those of the four defect aggre-
gates, cDV, cLV, cDB, and cLB as a function of temperature.
Considering the free defects, the results for the interstitial
and the vacancy are the same as those reported in Ref. 7.
With respect to the free Bjerrum defects, the concentrations
of D and L defects are found to be significantly higher than
that of the molecular point defects, being at least two orders
of magnitude larger. In addition, the concentrations based on
the DFT data predict that the numbers of free D and L de-
fects are essentially equal, with both curves in the plot
largely overlapping. This result is in apparent disagreement
with the experimental evidence referred to in the Introduc-
tion, which suggests that the number of free L defects should
TABLE I. Average formation free energies of the Bjerrum defect pair DL Refs. 18, 19, and 26, the vacancy
V Ref. 7 and the bond-center interstitial B Ref. 7 and binding energies of the LV, DV, LB, and DB defect
complexes as a function of temperature. Values and error bars correspond to the mean value and the standard
deviation in the mean obtained from a number of different realizations. Number of realizations is indicated by
number between parentheses. Energies are given in eV and temperatures in K.
T DL2 V5 B5 LV3 DV3 LB4 DB5
10 0.970.03 0.620.01 0.680.01 −0.410.01 −0.380.02 −0.200.02 −0.360.07
205 0.950.03 0.590.01 0.630.01 −0.410.01 −0.380.02 −0.190.02 −0.350.06
265 0.920.03 0.560.01 0.590.01 −0.400.01 −0.360.02 −0.170.03 −0.330.06
FIG. 4. Color online Formation free energies as a function of temperature
within the quantum-mechanical quasiharmonic approximation for the Bjer-
rum defect pair full line, the molecular vacancy dashed line, and the
bond-center interstitial dotted line.
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be significantly larger than that of free D defects. However,
before going into this point further, we first discuss the rela-
tive concentrations of Bjerrum defects trapped at vacancies
and interstitials.
Considering the trapping centers involving the vacancy,
the difference between the concentrations of the correspond-
ing D and L defect complexes is relatively small, being one
order of magnitude at most. This reflects the fact that the
binding energies of both defect aggregates are very similar.
The trapping centers involving the bond-center interstitial,
on the other hand, markedly show different concentrations.
Although their absolute concentrations are the lowest of all
considered defect species, it is evident that both are signifi-
cantly different. Specifically, the concentration of D defects
trapped at interstitials is approximately four orders of mag-
nitude larger than that corresponding to L-defect/interstitial
aggregates, indicating that interstitials provide a significantly
more effective trapping site for D defects as compared to L
defects.
Despite the substantial asymmetry in the trapping of D
and L defects in terms of the binding energy, the DFT ener-
getics leads to an overall low concentration of vacancies and
interstitials as compared to the Bjerrum defects. Accordingly,
the fraction of trapped Bjerrum defects is very low compared
to that of the free species, leading to the effectively equal
concentrations of free D and L defects shown in Fig. 5. As
mentioned in the Introduction, this is inconsistent with the
experimental indications that D defects are essentially inac-
tive. Moreover, the low interstitial concentration also signifi-
cantly differs from what is known from the experiment. In
the measurements by Hondoh et al.,5 interstitial concentra-
tions of the order of 10−6 were measured around the melting
point, giving an effective formation energy of
0.400.05 eV. This value is quite different from our DFT
estimates, for which the formation free energy is found to be
of the order of 0.6–0.7 eV. While discrepancies of the order
of 0.1 eV are typical in DFT calculations of the formation
energies in water-based systems,28,29 in the present context of
defect concentrations at relatively low temperatures such
small discrepancies may substantially affect the final results.
Therefore, in order to analyze the effect of the discrepancy,
we now recompute the equilibrium defect concentrations tak-
ing into account this experimental insight.
2. Results based on DFT and experimental data
While limited and subject to issues involving the inter-
pretation of experiments,3 we now utilize experimental val-
ues for those parameters for which such data are accessible.
Specific experimental estimates are available only for the
Bjerrum defect pair formation energy, EfDL=0.66–0.79 eV
and the interstitial formation energy Ef
B
=0.400.05 eV, as
mentioned earlier. Although one experimental estimate for
the vacancy formation energy has been reported, EV
f
=0.2–0.3 eV obtained from positron annihilation
experiments,30,31 the more recent measurements of Hondoh
et al.5 have unequivocally shown that this estimate is clearly
too small and not reliable because, at least for temperatures
up to 50 K below the melting point, the interstitial is the
dominant point-defect species in ice Ih. Finally, to the best of
our knowledge, no data have been reported concerning the
values of the binding energies of the Bjerrum defect/point
defect aggregates.
Guided by this experimental insight, we proceed as fol-
lows. In the equations from Sec. II we use the experimental
values for the Bjerrum defect pair formation energy as well
as for the interstitial formation energy. For the formation
energetics of the vacancy, in the absence of any other rea-
sonable alternative and consistency with the observed domi-
nance of the interstitial, we assume the DFT values for the
formation free energies. Likewise, in the absence of any ex-
perimental data for the defect-complex binding energies, we
use the DFT values reported in Table I.
Figure 6 shows the corresponding equilibrium concen-
trations of free D and L defects, B interstitials, as well as
both Bjerrum defect/interstitial complexes setting the experi-
mental values Ff
B
=Ef
B
=0.40 eV and Ff
DL
=Ef
DL
=0.66 eV, while keeping the DFT values for the other quan-
tities. The concentrations of the vacancy and its complexes
are not shown because they are much smaller and do not
significantly affect the ratio of free L to free D defects. Due
to the larger presence of interstitials and their preferential
binding to D defects, the ratio of free L defects to D defects
increases to approximately 1.2. This value, however, is quite
sensitive to the values of the used parameters. For instance, if
we consider the effect of the error bars and select the lower
limit of the experimental formation energy of the interstitial,
setting Ff
B
=Ef
B
=0.35 eV while leaving all other quantities
fixed, the ratio varies between approximately 3 and 5 along
the considered temperature interval, as shown in Fig. 7. If, in
addition, we also consider the error bar associated with the
binding free energy of the D-defect/interstitial complex, low-
ering it by 0.06 eV, as shown in Fig. 8, the ratio of free L
FIG. 5. Color online Thermal equilibrium concentrations of Bjerrum de-
fects, molecular point defects, and their aggregates as a function of tempera-
ture. Results are based on the DFT values for the formation and binding free
energies. LB complex dashed line, DB complex dotted line, LV complex
short-dotted line, DV complex short-dashed line, vacancy dash-dotted
line, B interstitial dashed-dot-dot line, D Bjerrum defect short-dash-dot
line, and L Bjerrum defect full line.
164502-7 Concentrations of defects in ice Ih J. Chem. Phys. 128, 164502 2008
 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:
143.106.108.169 On: Thu, 18 Jun 2015 17:47:58
defects to D defect changes even further, now ranging be-
tween 20 and 120 across the given temperature interval. Fi-
nally, the spread in the experimental formation energy value
of the Bjerrum defect pair, while affecting absolute concen-
trations of Bjerrum defects, does not alter the L to D defect
ratios.
Figure 9 summarizes the results for the ratio of free L
defects to free D defects for the different sets of parameters.
It is clear that the ratio is highly sensitive to the values of the
parameters involved, where variations of only a few hun-
dredths of an eV may provoke a change of up to two orders
of magnitude. In this light, a quantitative prediction regard-
ing thermal equilibrium defect concentrations based on the
present DFT results is extremely challenging. On the other
hand, from a qualitative standpoint, the DFT results do sug-
gest that the molecular interstitial, in contrast to the case of
the molecular vacancy,16 displays a significant asymmetry
FIG. 6. Color online Thermal equilibrium concentrations of Bjerrum de-
fects, the interstitial, and the Bjerrum defect/interstitial complexes as a func-
tion of temperature. Results are based on the experimental values for for-
mation energies of the Bjerrum-defect pair and the interstitual FfB=EfB
=0.40 eV and FfDL=EfDL=0.66 eV. DFT values were used for all other
parameters. LB complex dashed line, DB complex dotted line, B inter-
stitial dashed-dot-dot line, D Bjerrum defect short-dash-dot line, and L
Bjerrum defect full line.
FIG. 7. Color online Thermal equilibrium concentrations of Bjerrum de-
fects, the interstitial, and the Bjerrum-defect/interstitial complexes as a func-
tion of temperature. Results are based on the same parameters as those in
Fig. 6, except for the formation energy of the interstitial, for which the lower
end of the error bar interval, FfB=EfB=0.35 eV, has been chosen. LB
complex dashed line, DB complex dotted line, B interstitial dashed-dot-
dot line, D Bjerrum defect short-dash-dot line, and L Bjerrum defect full
line.
FIG. 8. Color online Thermal equilibrium concentrations of Bjerrum de-
fects, the interstitial, and the Bjerrum defect/interstitial complexes as a func-
tion of temperature. Results are based on the same parameters as those in
Fig. 7, except for the binding energy of the D-defect/interstitial binding
energy, for which the lower end of the error bar interval has been chosen. LB
complex dashed line, DB complex dotted line, B interstitial dashed-dot-
dot line, D Bjerrum defect short-dash-dot line, and L Bjerrum defect full
line.
FIG. 9. Color online Ratio of free L defects to free D defects for the
different sets of parameters see text.
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with respect to the formation of defect complexes involving
Bjerrum defects, showing an energetic preference for the for-
mation of complexes involving the D-type defect. This ele-
ment, combined with the experimentally observed domi-
nance of the interstitial as the predominant molecular point
defect species in ice Ih, may then lead to conditions in which
the number of free D defects becomes considerably smaller
than that of free L defects. Such a scenario could possibly be
involved in the experimentally observed inactivity of D-type
Bjerrum defects in the electrical properties of ice Ih.
IV. SUMMARY
In this paper, we present a model for the determination
of the thermal equilibrium concentrations of Bjerrum de-
fects, molecular point defects, and their aggregates in ice Ih.
First, using a procedure minimizing the free energy of an ice
crystal with respect to the numbers of defect species, we
derive a set of equations for the equilibrium concentrations
of free Bjerrum and point defects, as well their complexes.
Next, we evaluate the binding energies of Bjerrum defect/
vacancy and Bjerrum defect/interstitial complexes using
DFT calculations. The results indicate that, in contrast to the
complexes involving the molecular vacancy,16 the molecular
interstitial shows a preferential binding to the D-type Bjer-
rum defect, having a binding energy that is systematically
larger than that of the defect aggregate formed by the inter-
stitial and the L-type Bjerrum defect. Next, using both theo-
retical DFT binding and formation free energies as well as
the available experimental data, we compute the respective
equilibrium defect concentrations. While the results are quite
sensitive to the values of the defect parameters, it is found
that the combination of a preferential binding of the intersti-
tial to the D-type Bjerrum defect and the substantial presence
of the interstitial as the predominant equilibrium point defect
in ice Ih may lead to conditions in which the number of free
D defects becomes considerably smaller than that of free L
defects. Such a scenario could possibly be involved in the
experimentally observed inactivity of D-type Bjerrum de-
fects in the electrical properties of ice Ih.
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APPENDIX: THE CONFIGURATIONAL ENTROPY Sc IN
THE DILUTE LIMIT
We start by writing the number of different proton con-
figurations 0 compatible with a defect-free ice Ih crystal
containing N molecules. This number, disregarding ring cor-
relations, is given by3
0N = 22N38
N
, A1
which gives the well-known estimate for the residual entropy
per molecule of
Sres
N
=
kB ln
N
= kB ln32 . A2
In Eq. A1, the first factor represents the number of possible
proton configurations that satisfy the second Bernal–Fowler
rule, whereas the second expresses the reduction factor
needed to guarantee satisfaction of the first ice rule.
The introduction of nD D-defects now modifies this
number to
nD;N = 2N
nD
22N−nD38
N
, A3
where the binomial factor represents the number of ways one
can distribute nD D defects over 2N bonds. In addition, given
the presence of the nD D defects, the number of proton con-
figurations is reduced by a factor of 2nD, given that the nD
bonds affected by the D-defects can no longer be freely at-
tributed. Furthermore, the reduction factor to guarantee the
satisfaction of the first ice rule is not affected. Even for the
molecules participating in the D defect, it remains 3 /8.
In a similar fashion, the number of possible configura-
tions associated with the further introduction of nL defects
becomes
nD,nL;N = 2N
nD
2N
nL
22N−nD−nL38
N
, A4
where we have neglected the fact that, after attribution of nD
D defects, only 2N−nD bonds remain available for distribut-
ing the additional nL L defects. It can be shown that this
approximation, however, does not alter the final results for
the equilibrium defect concentrations in the dilute limit
where the number of defects is much smaller than the total
number of molecules in the crystal.
Following the same reasoning, the total number of con-
figurations compatible with the presence of the defect num-
bers nD, nL, nV, nB, nDV, nLV, nDB, and nLB then becomes
 = 22N−nL−nD−nDB−nLB38
N2N
nD
2N
nL
 2N
nDV
2N
nLV

  2N
nDB
2N
nLB
N
nV
2N
nB
 znDB+nLB+nB. A5
Here, the reduction factor of 2 for the D-defect/vacancy and
L-defect/vacancy defect complexes is compensated by an ad-
ditional factor of 2 that originates from the possibility to
place the vacant sites at either of the two molecules involved
in the bond defect. In addition, for the defect complexes
involving the interstitial, we include an additional multiplic-
ity factor z to account for multiple configurations of the
bond-center interstitial on a given bond defect.3,7
Using Eq. A5 and involking Stirling’s approximation,
the configurational entropy of an ice Ih crystal of N mol-
ecules containing the referred number of defects then
becomes
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Sc
kB
= 2N − nL − nD − nDB − nLBln 2 + 14N ln 2N + N ln N + N ln38 + nDB + nLB + nDBln z − nL ln nL − nD ln nD
− nDV ln nDV − nLV ln nLV − nDB ln nDB − nLB ln nLB − nV ln nV − nB ln nB − 2N − nLln2N − nL − 2N − nD
ln2N − nD − 2N − nDVln2N − nDV − 2N − nLVln2N − nLV − 2N − nDBln2N − nDB − 2N − nLB
ln2N − nLB − N − nVlnN − nV − 2N − nBln2N − nB . A6
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